Chapter

‘ BINOMIAL THEOREM ’

**Mathematics is a most exact science and its conclusions are capable of
absolute proofs. — C.P. STEINMETZ%

8.1 Introduction

In earlier classes, we have learnt how to find the sgquares
and cubes of binomialslikea + b and a—b. Using them, we
could evaluate the numerical values of numbers like
(98)? = (100 — 2)2, (999)% = (1000 — 1)3, etc. However, for
higher powerslike (98)°, (101)8, etc., the cal cul ations become
difficult by using repeated multiplication. Thisdifficulty was
overcome by atheorem known as binomial theorem. It gives
an easier way to expand (a + b)", where nis an integer or a
rational number. In this Chapter, we study binomial theorem
for positiveintegral indicesonly.

Blaise Pascal
(1623-1662)

8.2 Binomial Theorem for Positivelntegral I ndices

Let ushave alook at the following identities done earlier:
(a+ b =1 a+tb=0
(a+ bt=a+b
(at+ b)? = a? + 2ab + b?
(at+ b)® = a3+ 3a’b + 3ab?+ b?
(a+ b)*=(a+b)(a+hb) =a*+4a%h + 6a%b? + 4ab® + b*
In these expansions, we observe that
(i) The total number of terms in the expansion is one more than the index. For
example, inthe expansion of (a+ b)?, number of termsis 3 whereastheindex of
(a+b)is2.
(i) Powersof thefirst quantity ‘a’ go on decreasing by 1 whereas the powers of the
second quantity ‘b’ increase by 1, in the successive terms.
(ili) Ineachterm of the expansion, the sum of theindices of a and b is the same and
isegual to theindex of a + b.
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We now arrange the coefficients in these expansions as follows (Fig 8.1):

Index Coefficients
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
Fig8.1

Do we observe any pattern in thistable that will help usto write the next row? Yeswe
do. It can be seen that the addition of 1'sintherow for index 1 givesriseto 2intherow
forindex 2. Theaddition of 1, 2and 2, 1intherow for index 2, givesriseto 3and 3in
therow for index 3 and so on. Also, 1 ispresent at the beginning and at the end of each
row. This can be continued till any index of our interest.

We can extend the pattern given in Fig 8.2 by writing afew more rows.

Index Coefficients
0 1
1 1 1

2 1v2v1
3 3

Pascal’sTriangle
ThestructuregiveninFig 8.2 lookslikeatrianglewith 1 at the top vertex and running
down the two danting sides. This array of numbers is known as Pascal’s triangle,
after the name of French mathematician Blaise Pascal. It is aso known as Meru
Prastara by Pingla.

Expansionsfor the higher powers of abinomial are also possibleby using Pascal’s
triangle. Let us expand (2x + 3y)® by using Pascal’s triangle. The row for index 5 is

1 5 100 10 5 1
Using thisrow and our observations (i), (ii) and (iii), we get
(2x+3y)* = (2¢)° + 5(2x)* (3y) + 10(2x)* (3y)* +10 (23)* (3y)* + 5(2x)(3y)* +(3y)°
= 32¢¢ + 240x%y + 720x%y? + 1080x%y® + 810xy* + 243y~
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Now, if we want to find the expansion of (2x + 3y)*?, we arefirst required to get
the row for index 12. This can be done by writing all the rows of the Pascal’striangle
till index 12. Thisisadightly lengthy process. The process, asyou observe, will become
moredifficult, if we need the expansionsinvolving still larger powers.

Wethustry to find arulethat will help usto find the expansion of the binomial for
any power without writing all the rows of the Pascal’s triangle, that come before the
row of the desired index.

For this, we make use of the concept of combinations studied earlier to rewrite

n!
the numbers in the Pascal’ s triangle. We know that "G = m ,0< r<nand
nisanon-negative integer. Also, "C,=1="C,
The Pascal’s triangle can now be rewritten as (Fig 8.3)
Index Coefficients
0 ’c,
=D
1 'c, 'c
(Gt VN G V)
2 ‘¢, ¢ ¢
= =2 =)
3 ‘c, ‘¢, ‘¢, ‘¢
) = =) G
4 ‘cv ‘¢ ‘¢, Yo, ‘e
) = =60 =) =D
5 ‘c, °C c, ¢, ‘¢, °c

=D (=15) =10)  =10)  (=5) (=15)
Fig 8.3 Pascal'striangle

Observing this pattern, we can now write therow of the Pascal’ striangle for any index
without writing the earlier rows. For example, for the index 7 the row would be

‘C,'C,'C,'C, 'C, 'C, 'C, 'C
Thus, using thisrow and the observations (i), (ii) and (iii), we have
(@a+hb)y’=7C a’+ 7Ca'h + 'Ca’h* + 'Ca'h’® + 7C,a%* + 'C.a?b® + "Cab® + 'C b’
An expansion of abinomial to any positive integral index say n can now be visualised

using these observations. We are now in aposition to write the expansion of abinomial
toany positiveintegral index.

7.
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8.2.1 Binomial theorem for any positive integer n,
(@+br="Ca +"Cav'b +"Ca?b>+ .+"C _ab™+"Ch
Proof The proof isaobtained by applying principle of mathematical induction.
Let the given statement be
PN):(@+br="Ca"+"Ca~b+"Ca*+.+"C ab"-*+"Ch"
For n =1, we have
P@D:(@+bt=Ca +'Cht=a+b
Thus, P (1) istrue.
Suppose P (K) is true for some positive integer k, i.e.
(@a+bF=Ca+*Ca'h+ Ca-*+ .+ Chb - (1)
We shall prove that P(k + 1) isalso true, i.e.,
(a + b)k+ 1 —=k+ lCO ak+ 14 k + lcl akb + k+ 1C2 ak—lbz + .+ k+ 1Ck+1 bk+ 1
Now, (a+ b)<** = (a+ b) (a + b)

=(a+b) (}C,a+ Cath+Ca2b*+. .+C__ ab~'+*C b
[from ()]

= C @t +*C adb+Ca? +.+C _ a1+ *C ab +'C ab
+Ca P+ \Ca .+ *C abf + *Clo+?!

[by actud muitiplication]
=Ca*t + (‘C+'C) ab + (*C,+C)a?+ ...
+ (‘C+*C_) ab* + Cp*? [grouping like terms]

:k+lCak+l+k+1C akb+k+lC ak—lb2+ +k+leabk+ k+le bk+1
0 1 2 +1
(by using ¥**C=1, *C +*C_ = ¥*'C and *C _=1=%*1C

Thus, it has been proved that P (k + 1) is true whenever P(K) is true. Therefore, by
principle of mathematical induction, P(n) istrue for every positive integer n.

1)

Weillustrate this theorem by expanding (x + 2)¢:
(X+2)° =°5Cx®+5Cx.2 +°Cx22+Cx32% +5Cx2.2* + °Cx.2° + °C_.25
= X8 + 12x° + 60x* + 160x3 + 240x° + 192x + 64
Thus (x + 2)8 =x8 + 125 + 60x* + 160x3+240x? + 192X + 64.
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Observations

n
—K 4 K
1. Thenotation Z "C, a" *b" gandsfor
k=0

"C,am’ +"Cartbt + ..+ "Ca™'b + ..+"C a™"b", where b°= 1 = a™".
Hence the theorem can aso be stated as

n
(a+b)"=> "C,a" b"
k=0
2. The coefficients "C_occuring in the binomial theorem are known as binomial
coefficients.
3. Thereare (n+1) termsin the expansion of (a+b)", i.e., one more than the index.
4. In the successive terms of the expansion the index of a goes on decreasing by
unity. Itisninthefirst term, (n—1) in the second term, and so on ending with zero
in the last term. At the same time the index of b increases by unity, starting with
zero in thefirst term, 1 in the second and so on ending with n in the last term.
5. Inthe expansion of (a+b)", the sum of theindicesof aand bisn+ 0=ninthe
firstterm, (n—1) + 1 = nin the second term and so on 0 + n = nin the last term.
Thus, it can be seen that the sum of theindicesof aand bisnin every term of the
expansion.

8.2.2 Some special cases In the expansion of (a + b)",
(i) Takinga =xandb =-y, we obtain
x=y)" =[x+ I

="CXM + "C X' H=Y) + "CXHY)? 4+ "CX(y)R 4 L+ °C ()"

="CX' —"CX' Ty + "C X AR —"CxXN R + L+ ()" C Y
Thus (x=y)" ="Cx"="C X"~y + "CX""2y* + ... + (-1)" "C_y"
Using this, we have (x=2y)°> = CxX° —°Cx*(2y) + °C X (2y)* —°Cx* (2y)® +

°C,X(2y)'~ *C2y)°
= x5 —10x% + 40x%y? — 80x%y° + 80xy* — 32y~
(i) Takinga=1, b=x, weobtain
(L+X)"="Cy(D" + "C ()" X+ "C(D)"2x + ..+ "C X"
="C, +"Cx +"Cx* +"Cx*+ ... + "C X"

Thus (L+x)"="C,+"Cx+"Cx+"Cx*+ .. +"Cx
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In particular, for x =1, we have
2"="C,+"C, +"C,+ ...+ "C.
(i) Takinga=1, b=-x, weobtain
(I-x)" = "C,—"Cx+"Cx*—.. + (=" "Cx
In particular, for x = 1, we get
0="C,-"C,+"C,—... + (-1)""C,

3 4
Example 1 Expand (XZ +;J , X#0

Solution By using binomial theorem, we have

X2 §4—4 2\4 4 4 23(§j 4 22(§)2 4 2 (EY 4 (EJA
x =1C,(x)* + “C,(¥) X +1C,(x%) ” +1C,(¥%) » + “C, »

3 27 81
=X +4X. —+6X . S+4X g+
X X xX* X

108 81
=x8+ 12X° + 54x% + 7"'?.

Example 2 Compute (98)°.
Solution We express 98 as the sum or difference of two numbers whose powers are
easier to calculate, and then use Binomial Theorem.
Write 98 =100 -2
Therefore, (98)° = (100 — 2)°
= °C, (100)°> —*C, (100)*.2 + °C, (100)°22
- °C, (100)*(2)* + °C, (100) (2)* —°C, (2)°
=10000000000—5 x 100000000 x 2 + 10 x 1000000 x 4 —10 x10000
x8+5x100x16—-32

= 10040008000 — 1000800032 = 9039207968.
Example 3 Which is larger (1.01)%%0% or 10,000?

Solution Splitting 1.01 and using binomial theorem to write the first few terms we
have
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(1.01)100000 = (1 4+ (,07)1000000
= 1000000C ' + 100009C (0.01) + other positive terms
=1+ 1000000 x 0.01 + other positive terms
=1+ 10000 + other positive terms
>10000
Hence (2.02)000000 > 10000

Example 4 Using binomial theorem, prove that 6™~5n always leaves remainder
1whendivided by 25.

Solution For two numbers a and b if we can find numbers q and r such that
a=hq+r, then we say that b divides a with g as quotient and r asremainder. Thus, in
order to show that 6"— 5n leaves remainder 1 when divided by 25, we prove that
6"—5n = 25k + 1, where k is some natural number.
We have
l+ar="C,+"Ca+"Ca+..+"Ca

Fora =5, weget

(L+5"="C,+"C5+"C5+..+"C5

e (6)"=1+5n+5"C,+5C, + .. +5

i.e. 6" —5n=1+5” ("C,+"C5 + ... + 5"

or 6"—5n=1+25("C,+ 5."C, + ... + 5™

or 6"—5n=25k+1 wherek="C,+5."C, + ... +5"2

This shows that when divided by 25, 6" — 5nleaves remainder 1.

| EXERCISE 8.1

Expand each of the expressionsin Exercises 1 to 5.

2 XY
1. (1-2x)° 2. (;—Ej 3. (x—-23)°
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(x 1}5 ( 1)6
—+— 5. | X+—
3 X X

Using binomial theorem, eval uate each of thefollowing:

6.

9.
10.

11.

12.
13.

14.

(96)3 7. (102)° 8. (101)*
(99)°
Using Binomial Theorem, indicate which number islarger (1.1)*%% or 1000.

Find (a + b)* — (a - b)". Hence, evaluate (/3 ++/2)*~ (/3 —=+/2)".

Find (x + 1)° + (x — 1)°. Hence or otherwise evaluate (/2 + 1)°+ (/2 — 1)®.
Show that 9™ —8n — 9 isdivisible by 64, whenever n isa positive integer.

Prove that 2,3 "C. =4"

r=0

General and MiddleTerms

In the binomial expansion for (a + b)", we observe that the first term is
"C,a", the second term is"C a™*b, the third term is"C,a™b?, and so on. Looking
at the pattern of the successive terms we can say that the (r + 1)" term is
"Cab’. The (r + 1)"term is aso called the general term of the expansion
(@+b) Itisdenoted by T .. ThusT  ="C a*'b.
Regarding the middle term in the expansion (a + b)", we have

(i) If niseven, then the number of termsin the expansion will ben + 1. Since

th

n+1+ 1]
e,

nisevenson+ 1isodd. Therefore, the middleterm is [ 5

n th
(§+1J term.

8 th
For example, inthe expansion of (x + 2y)8, themiddletermis (E+1j i.e,
5% term.

(i) If nisodd, then n +1 is even, so there will be two middle terms in the
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th th
) n+1 n+1 _ _
expansion, namely, (Tj term and (T +1j term. So in the expansion

7+1

th th
7+1
(2x—y)7, themiddle terms are (Tj ,i.e,4"and (T + 1} ,i.e, 5"term.

2n+1+1jth

2n
1
3. Inthe expansion of (X+;j , where x ¢0,themidd|etermis( 5

i.e, (n+ 1)"term, as 2n is even.

1 n
Itis given by >C x" (;) =C,_ (constant).

This term is called the term independent of x or the constant term.
Example 5 Find a if the 17" and 18" terms of the expansion (2 + a)* are equal.
Solution The (r + 1)™ term of the expansion (x + y)"isgivenby T, = "Cx™y.
For the 17" term, we have, r + 1 =17,i.e,r = 16

Therefore, T,=T,.,=%C, (¥ *a®
= 50C 234 alﬁ.
16
Smilarly, T, =%C,,2% av”

Giventhat T,=T,
<0 50C16 (2)34 alt = 50(:17 (2)33 al’

n Cs. 234 3.17

Therefore W = ﬁ

. Yc, 2 50 17 . 33
l1.e., a= 50 = X
Cy, 1634 50

x 2=1

Example 6 Show that the middle term in the expansion of (1+x)?" is

1.35..(2n-1)

- 2n x", where n is a positive integer.
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n th
Solution As 2n is even, the middle term of the expansion (1 + x)*" is (7+1j ,

i.e., (n+ 1)"" term which is given by,

Tn+1 :2nCn(1)2n—n(X)n - ZnCan — o

_2n@n-1) (@n-2) .4321,
B n' nl

_1234.(2n-2)(2n-D(2n) ,
- nin! X

[1.3.5...(2n-D)][2.4.6...(2n)] )
- ninl X

_ [135..(2n-1)]2"[1.2.3..n] _,
- ninl X

_[135.(2n-1)]n!
9 n! n!

2" x"

4 1.3.5..}5!2n—1) on 3
Example 7 Find the coefficient of x82 in the expansion of (x + 2y)°.
Solution Suppose x®y® occurs in the (r + 1)™ term of the expansion (x + 2y)°.
Now T,=C X" "(2y) =°C 2".x".y".
Comparing the indices of x aswell asyinx®%*andin T, ,wegetr=3.
Thus, the coefficient of x®y2 is

22 =T 2%
3 36 3.2 672.

Example 8 The second, third and fourth termsin the binomial expansion (x + a)" are
240, 720 and 1080, respectively. Find x, aand n.

Solution Given that second term T, = 240
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We have T,="Cx""*.a
So "Cx. a= 240 - (D
Smilarly "Cxzat =720 .. (2
and "Cx*a’ = 1080 .. (3)
Dividing (2) by (1), we get
"C,x"%a® 720 (n-1! a_
"cxXla 240 & (n-2)'x
a 6
or ;: (n—1) .. (4)
Dividing (3) by (2), we have
a 9
X —Z(n—2) .. (5)
From (4) and (5),
6 9
n_1 2(-2)" Thus,n=5

a 3
Hence, from (1), 5x%a = 240, and from (4), ;25

Solving these equations for aand x, weget x=2and a = 3.

Example 9 The coefficients of three consecutive terms in the expansion of (1 + a)"
areintheratiol: 7: 42. Find n.

Solution Suppose the three consecutive terms in the expansion of (1 + a)" are
(r=21)", r"and (r + )" terms.
The(r—1D)"termis"C_,a 2 andits coefficientis"C._,. Similarly, the coefficients
of r'"and (r + 1)" terms are"C__, and "C_, respectively.

Since the coefficientsareintheratio 1 : 7 : 42, so we have,

nCr—Z — l . _
"C, 7,|.e.,n—8r+9-0 . (D
nCr—1 _ 7 .

and e oot n—-7r+1=0 .. (2

r

Solving equations(1) and (2), we get, n = 55.
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EXERCISE 8.2|
Find the coefficient of
1. X®in(x + 3)® 2. a%h" in (a—2b)*? .
Write the general term in the expansion of
3. (—-y)® 4. (—yx)?, x # 0.

5. Find the 4" term in the expansion of (x — 2y)*.

18
1
6. Find the 13" term in the expansion of (gx_ﬁj , X = 0.

Find the middle termsin the expansions of

X3 7 X 10
3-2 -z
7. ( 6] 8.(3+9y).

9. Intheexpansion of (1 + a)™", prove that coefficients of a” and a" are equal.

10. Thecoefficientsof the (r — 1), r'"and (r + 1)"" termsin the expansion of (x + 1)"
areintheratiol:3:5. Findnandr.

11. Provethat the coefficient of x"intheexpansion of (1 + x)?"istwicethe coefficient
of X" in the expansion of (1 + x)>"~1,

12. Find a positive value of m for which the coefficient of x* in the expansion
(1+x)™mis6.

Miscellaneous Examples

3 1)°
Example 10 Find the term independent of X in the expansion of [EXZ - &j .
6-r r
<3 =)
2 3X

o (3 e (2

Solution We have T,
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6-2r
- (_1)r GCr (3)6 X12—3r
"'
Thetermwill beindependent of x if theindex of xiszero,i.e, 12—3r =0. Thus,r =4

(3)6—8 5
Hence 5" term is independent of x and is given by (- 1)* °C, Wzﬁ ,

Example 11 If the coefficients of a’~%, a" and & ** in the expansion of (1 + a)"arein
arithmetic progression, prove that n2—n(4r + 1) + 4r2— 2 = 0.

Solution The (r + 1)™ terminthe expansionis "C a'. Thusit can be seen that a” occurs
inthe (r + 1)™ term, and its coefficient is "C . Hence the coefficients of a'~*, a and
a*tae"C _,,"C and"C , , respectively. Since these coefficients arein arithmetic
progression, so we have, "C._ +"C , = 2."C. Thisgives

n! n! 9 n!
=D n—r+D! (r+Din-r—11 - ri(n-r)!

1 1
l.e. (r—1)!(n—r+1)(n—r)(n—r—1)!+(r+1)(r)(r—1)!(n—r—1)!
=2x 1
r(r-!(n-r)(n-r-1)!
1 { 1 1 }
or +
r=-»! (n-r=! [ (n=r)(n-r+1 (r+2 (r)
=2x 3
(r=! (n-r=![r(n=r)]
1 1 2
i.e. + = ,
(n=r+Y(n-r) r(r+d r(n-r)
rr+D+(n-r)(n-r+H 2
or (n=r)(n=r+Yr(r+1 _r(n—r)
or rr+D)+(-r)(n-r+1)=2@r+1)(n-r+1)

or FP+r+nm—nr+n-—nr+rP—r=2(nr—r2+r+n-r+1)



BINOMIAL THEOREM 173
or n—4nr—n+4r>-2=0
ie, nP-n(@r+1)+42-2=0

Example 12 Show that the coefficient of the middietermin the expansion of (1 + X)*"is
equal to the sum of the coefficients of two middle termsin the expansion of (1 + x)2"~1.

Solution As 2nis even so the expansion (1 + X)>* has only one middle term which is

n th
(7+1j i.e, (n+ 1" term.

The (n + 1)" term is 2)C x". The coefficient of x" is *'C_
Similarly, (2n— 1) being odd, the other expansion has two middleterms,

2n-1+1)" on-1+1 " .
——— | and |——+1| i.e, n"and (n + 1)* terms. The coefficients of

2 2
these terms are > ~'C__ and *'~'C , respectively.
Now
N-1C _+ ?IC=2C [As"C _,+"C ="*!C]. asrequired.

Example 13 Find the coefficient of a* in the product (1 + 2a)* (2 —a)® using binomial
theorem.

Solution We first expand each of the factors of the given product using Binomial
Theorem. We have

(1+2a)* =*C,+C, (2a) + “C, (2a)* + “C, (2a)* + “C, (2a)*
=1+ 4 (2a) + 6(4a%) + 4 (8a% + 16a*.
=1+ 8a+ 24a’+ 32a®+ 16a’
and (2-2a)° =°C; (2°-°C, (2)* (8 + °C,(2)*(a)*-°C, (2)*(&)°
+5C,(2) ()"~ °C; (a)°
=32 —80a + 80a*— 40a*+ 10a* — a°
Thus (1 + 2a)* (2 — a)®
= (1 + 8a + 24a* + 32a’+ 16a*) (32 —80a + 80a— 40a® + 10a’- &)

The complete multiplication of the two brackets need not be carried out. We write only
those terms which involve a*. This can be doneif we notethat a'. a*~"=a*. Theterms
containing a*are

1 (10a% + (8a) (—40a%) + (24a%) (80a?) + (32a°) (— 80a) + (16a) (32) = — 438a*
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Thus, the coefficient of a*in the given product is— 438.
Example 14 Find the r'" term from the end in the expansion of (x + a)".

Solution Thereare (n + 1) termsin the expansion of (x + a)". Observing the terms we
can say that the first term from the end is the last term, i.e., (n + 1)" term of the
expansionand n+ 1= (n+ 1) — (1 -1). The second term from the end is the n" term
of theexpansion, and n=(n+ 1) —(2—1). Thethird term from theend isthe (n—1)"
term of the expansionandn—1=(n+ 1) — (3 —1) and so on. Thus r'" term from the
end will be term number (n + 1) — (r — 1) = (n—r + 2) of the expansion. And the
(n=r +2)"termis"C X—tan-r+i

n-r+1

18
1
Example 15 Find the term independent of x in the expansion of [§/§+ 2%/?] ,X>0.

r
18-
Solution We have T, = C, (5’/;) r ( L ]

23x
18-r 18-2r
=Bc x 3 EN 18(:,i x 3
r o
2" x3
. ) . [ ) 18- 2r
Sincewe havetofind atermindependent of X, i.e., term not having x, so take 3 =0.

We get r = 9. The required term is **C o

Example 16 The sum of the coefficients of the first three terms in the expansion of

m
(X = ?j , X# 0, mbeing a natural number, is 559. Find the term of the expansion

containing x2.

3 m
Solution The coefficients of the first three terms of (X - ?j ae™C, (=3) "C,

and 9 "C,. Therefore, by the given condition, we have

IMm(m-1
mC,—3"C+9"C,=559 i.e,1-3m+ %=559
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which gives m= 12 (mbeing anatural number).

r+1

3 r
Now T - 12Cr xi2-r (—?j — 12Cr (- 3) - x2-%

Since we need the term containing x3, so put 12 —-3r = 3i.e,r = 3.

Thus, the required term is 2C,_ (- 3)% X, i.e., —5940 x°.

Example 17 If the coefficients of (r — 5)"" and (2r — 1)" terms in the expansion of
(1 +x)* areequd, findr.

Solution The coefficients of (r — 5)" and (2r — 1) terms of the expansion (1 + x)
ae¥C _,and *C, ,, respectively. Since they are equal so ¥C__ = *C,

Therefore, eitherr —6=2r—2 or r6=34—-(2r—-2)
[Using the fact that if "C.="C, then eitherr = porr =n-pj

2

So, wegetr =—4orr =14 r being a natura number, r = — 4 is not possible.
So, r = 14.

Miscellaneous Exercise on Chapter 8
1. Finda, bandnintheexpansionof (a+ b)"if thefirst threeterms of the expansion
are 729, 7290 and 30375, respectively.
2. Find aif the coefficients of x? and x3 in the expansion of (3 + ax)® are equal.
3. Findthecoefficient of x°inthe product (1 + 2x)° (1 —x)” using binomial theorem.

4. If aand b are distinct integers, prove that a— b is afactor of a" —b", whenever
nisapositive integer.
[Hint write a" = (a — b + b)" and expand]

5. Evaluate (V3+2) ~(v3-v2) .

4 4
6. Find the value of (a2+ az—l) +(a2—\/a2—1) .

~

Find an approximation of (0.99)° using the first three terms of its expansion.
8. Findn, if theratio of the fifth term from the beginning to the fifth term from the

1 n
end in the expansion of (4/5 +%] is/6:1.
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9. Expand using Binomial Theorem 1+§—; X#0,

10. Findthe expansion of (3x? — 2ax + 3a?)® using binomial theorem.

Summary

¢ The expansion of abinomial for any positive integral nis given by Binomial
Theorem, which is (a + b)" = "Ca" + "Ca"~'b + "Ca"~?b* + ..+
"C,_,ab =t +"Chb"

¢ The coefficients of the expansions are arranged in an array. This array is
called Pascal’s triangle.

4 The general term of an expansion (a+b)"isT _ ="Ca"'~". b".

th
n
¢ Inthe expansion (a + b)", if n is even, then the middle term is the (E+1j

n+1\" 1 Y
term.If nis odd, then the middle terms are (Tj and (7+1] terms.

Historical Note

The ancient Indian mathematicians knew about the coefficients in the
expansions of (x +y)", 0 < n < 7. The arrangement of these coefficients was in
the form of a diagram called Meru-Prastara, provided by Pingla in his book
Chhanda shastra (200B.C.). This triangular arrangement is also found in the
work of Chinese mathematician Chu-shi-kiein 1303. Theterm binomia coefficients
wasfirst introduced by the German mathematician, Michael Stipel (1486-1567) in
approximately 1544. Bombelli (1572) also gavethe coefficientsin the expansion of
(@a+b)", forn=1,2...,7 and Oughtred (1631) gave them for n =1, 2,..., 10. The
arithmetic triangle, popularly known as Pascal s triangle and similar to the Meru-
Prastara of Pinglawas constructed by the French mathematician Blaise Pascal
(1623-1662) in 1665.

The present form of the binomial theorem for integral valuesof nappearedin
Trate du triange arithmetic, written by Pascal and published posthumoudly in
1665.



